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ABSTRACT The general theory (Levitt, D. G. 1990. Biophys. J. 59:271-277) is applied to a model channel that resembles the
acetylcholine receptor channel (ACH). The model incorporates the known features of the ACH geometry and fixed charge
locations. The channel has a wide mouth facing the outer solution, tapering to a narrow region facing the interior of the cell. Rings of
fixed negative charge are placed at the two surfaces where the bilayer begins, corresponding to the known charges at the ends of
the M2 segment. It is assumed that the forces acting on the ion are electrostatic: ion-channel wall, ion-ion, Born image and applied
voltage. Analytical expressions for these forces are derived that take account of the low dielectric lipid region. In addition, there is a
local hard sphere repulsive force that prevents ions from piling up on each other in regions of the channel with a high fixed charge
density. A classical continuum theory is used to obtain an expression for the diffusion coefficient in the channel. The model can
mimic the major qualitative and, in many cases, quantitative experimental features of the ACH channel: current-voltage relation,
conductance versus concentration and interaction between monovalent and divalent ions. The model calculations were also
compared with the site directed mutagenesis experiments of Imoto, K., C. Busch, B. Sakmann, M. Mishina, T. Konno, J. Nakai, H.
Bujo, Y. Mori, K. Fukuda, and S. Numa. (1988. Nature (Lond.). 335:645-648) in which the charge at the ends of the channel was
systematically varied.

INTRODUCTION

An extension of the Nernst-Planck continuum equation
to a general multiion channel has recently been de-
scribed (Levitt, 1990). The purpose of this paper is to
provide a specific example of the use of this theory by
applying it to the acetylcholine receptor channel (ACH).
The theory relates the channel flux to two functions that
characterize the channel: DIw(x), the interaction poten-
tial between the ion and the channel wall; and A(x), the
cross-sectional area of the channel. The ACH receptor
is the only biological channel in which one can make
some reasonable guesses about these functions. The
general outline of its shape is known and there is
suggestive evidence about the location of the fixed wall
charges. The most important advantage of the ACH
channel is that the conductance is determined primarily
by the ion's valence. For example, the relative conduc-
tance of the different monovalent cations is close (but
not identical) to their bulk diffusion coefficients and,
although divalent cations have a much lower conduc-
tance than monovalent cations, there is little discrimina-
tion among the divalents (Hille, 1984). This suggests that
continuum diffusion effects dominate the kinetics and,

Address correspondence to David Levitt, Department of Physiology,
6-255 Millard Hall, University of Minnesota, Minneapolis, MN 55455.

as a first approximation, D. can be approximated by the
relatively simple long-range electrostatic potential.
A basic assumption of this paper will be that the

long-range forces on the ion result only from the fixed
charges in the channel. It is assumed, for example, that
the dipole potentials are of short range and tend to
cancel out at long range. This assumption is not in
agreement with two recent papers which estimated the
forces in the ACH channel based on specific assump-
tions about the channel protein structure and found that
the dipoles could produce significant long range effects
(Eisenman et al., 1990; Fourois-Corbin and Pullman,
1988). Given the present limited knowledge about the
ACH channel structure, the question of the relative
importance of fixed charge versus dipole potentials
cannot be settled. I would hope that, even if the dipole
potentials were important, the solution described here
would still be useful because one could find equivalent
fixed charges that could mimic the dipole potentials.

Because the model of the ACH channel that is used
here is only a crude approximation to the real channel,
there is no reason to carefully adjust the parameters in
an attempt to get a perfect fit to the experimental
channel flux. However, one would hope that the model
could mimic the major qualitative features of the chan-
nel, and three specific aspects will be examined: (a) the
interaction between monovalent and divalent cations.
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Because the model is primarily electrostatic, this interac-
tion represents the best probe of this potential. (b) The
current-voltage (I-V) relationship. The ACH channel
has a relatively linear I-V curve. Because this seems to
be a characteristic property of most biological channels,
one would hope that it would also be a relatively robust
property of the model. (c) The conductance versus

concentration relationship. Saturation of the conduc-
tance at high concentrations (usually near the physiolog-
ical range) is another characteristic feature of biological
channels.

DESCRIPTION OF CHANNEL MODEL

Structure of channel
A schematic diagram of the model is shown in Fig. 1. It
shows the portion of the channel that spans the bilayer
region of the membrane and is based on the structure
described in the review by Dani (1989b). The narrow
end of the channel is at the intracellular side of the
membrane. A distinction must be made between the
electrostatic and the physical structure. The electro-
static structure describes the hypothetical region where
there is a transition between the high dielectric aqueous
region and the low dielectric lipid region. It is the
structure that determines the magnitude of the electro-
static potential. The solid lines in Fig. 1 indicate this
electrostatic structure. As shown in Fig. 1, it is assumed
that the regions of the channel that project into the bulk
solution have a high dielectric constant (equivalent to
water). The physical structure of the channel (Fig. 1,
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FIGURE 1 Cross-section through the model of the ACH channel. The
solid lines outline the electrostatic channel and the dashed lines
outline the physical channel. The narrow end of the channel faces the
cell interior. The solid squares indicate sections through the ring of
fixed charge of valence N, and N2. The channel is drawn to scale for the
following dimensions (in angstroms): lipid thickness (L = 32); electro-
static radius at narrow and wide end (R, = 4; R2 = 10); physical radius
at narrow and wide end (T, = 3; T2 = 9); length of narrow electrostatic
region (G2 = 4); length of extension of narrow region beyond electro-
static region (G, = 4).

dashed line) should be smaller than the electrostatic
structure of the channel because the inner region of the
channel is polar and has a relatively high dielectric
constant. The physical structure extends beyond the
bilayer at the narrow end by an (variable) amount G,.
Although the physical channel extends far beyond the
bilayer at the external side, it will be assumed that it has
such a large diameter in this region that it is not rate
limiting and can be approximated by bulk solution.
The general solution (Levitt, 1990) allows for an

arbitrary number of axially symmetric rings of fixed
charges, placed at arbitrary positions in the channel.
Results will be described for the case where charges of
valence N1 and N2 are placed at the narrow and wide
ends of the (electrostatic) channel (Fig. 1), correspond-
ing to the known charged regions at the ends of the M2
helix (Imoto et al., 1988). The narrow region with its
fixed charge should have the properties that are usually
assigned to an "ion binding site." The ACH channel
probably has more than two rings of charge and some

rings may be located in regions of the channel which are
external to the bilayer. The basic assumption used to
solve the electrostatic equations (perpendicular compo-
nent of the E field is zero at the channel wall) limits the
locations of the charge to regions within the bilayer. It is
hoped that by adjusting the charge N2 in Fig. 1, it should
be possible to mimic the real channel.
The channel is characterized by the following addi-

tional parameters: L, the thickness of the low dielectric
lipid region; R, and R2, the electrostatic radius of the
narrow and wide ends; T, and T2, the physical radius of
the narrow and wide ends; G2, the length of the narrow

electrostatic region of constant radius; G2 + Gl, the
length of the narrow physical region; RL and RR, the
radial distance from the channel ends where the analyti-
cal boundary condition is used (Levitt, 1990). The
parameters are all normalized by dividing byRl. Changes
in just R, produce changes in the scale of the channel,
leaving the shape unchanged. The following set of
parameters (in angstroms) were used for all of the
results described in this paper: R, = 4, R2 =10,L = 32,
T1 = 39 T2 = 9, G2 = G1 = 4,RL= 24,RR = 20. The

position of the fixed charges (N = 0 to -2) is atX = -L
(the left end) and X = 0 (the right end). Thus, the
electrostatic channel was 32 A long and the numerical
region included 24 and 20 A of bulk solution at the left
and right end, respectively. Fig. 1 is drawn to scale for
these dimensions.

Electrostatic potentials
Analytical expressions for the electrostatic potentials
were derived using the assumption that the perpendicu-
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lar component of the E field at the electrostatic bound-
ary is zero. It is assumed that there is some prescribed
surface at each axial position on which the fields (and all
other channel properties) are constant. This means that
the system is described by just one spatial parameter
(X), the position along the axis. The potentials depend
on what form is assumed for the constant E surface, and
once this form is chosen, the analytical potentials can be
easily derived. This surface and the details of the
derivation of the ion-wall, ion-ion, Born and applied
potential are described in the Appendix (see Fig. 11).
The use and validity of these assumption have been
discussed previously (Levitt, 1985, 1987).
These expressions are clearly only crude approxima-

tions, especially in the wide regions of the channel where
the true potentials should be three dimensional. They
are used with the hope that the channel kinetics will not
depend on the exact details of these potentials. The
electrostatic radius should be regarded as an adjustable
parameter, characterizing the strength of all the electro-
static fields. Fig. 2 shows the variation with position of
the fixed charge, Born and applied potential for charges
of -2 at both ends of the bilayer region of the channel
(X = -32 and 0 A) for a channel with the specific
dimensions listed above.

Restricted ion area

The cross-sectional area that is available to the ith ion
(Ai) is equal to 7rZ2, where Z is equal to the physical
radius minus the radius of the ith ion (see Appendix, Fig.
11). The details of the definitions of this area for the
hemispherical surfaces at the channel ends are de-
scribed in the Appendix. For all the results reported
here, it is assumed that all the ions have a radius of 1.5
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FIGURE 2 Profile of fixed charge, Born and applied electrostatic
potential (100 mV, inside positive) for a channel with the dimensions
of Fig. 1 and fixed charges of -2 at both ends (solid lines). Also shown
is the continuum diffusion coefficient relative to the bulk value (DID.)
and the physical area (A) available to the center of an ion of radius 1.5
A normalized by the area at the left end (AL, X = -32 A).

A. This area [Ai(X)] relative to the area at the left end of
the channel (XL= -32 A) is plotted in Fig. 2 for a

channel with the dimensions listed above.

Diffusion coefficient
The expression which is needed in the theory is the ratio
D(X)1DO, the diffusion coefficient at X relative to the
bulk aqueous value. As a first approximation, this ratio
was approximated by the continuum expression for an
infinite uniform cylinder that had a radius equal to the
local physical radius atX (see Appendix). In the narrow
region of the channel, this ratio was reduced by an
additional factor (=0.4) to take account of the "single-
file" effects that are expected in this region (Dani,
1989a). This function is plotted in Fig. 2. The diffusion
coefficient in this narrow region has an important effect
on the channel kinetics because it determines when this
region becomes rate-limiting. Adding the "single-file"
factor of 0.4 reduces the conductance by - 30%. Again,
these expressions for the diffusion coefficient are crude
approximations that are probably best regarded as

adjustable parameters. In the following calculations it
will be assumed that the bulk diffusion coefficient (Do) is
2 x 10'- and 1 x 10- cm2/s for monovalents and
divalents, respectively.

Hard sphere radius
A critical feature of the model is the assumption that at
each position in the channel there is a volume that can
contain at most one ion (referred to as the "one-ion
region") which is determined by the hard sphere radius
(RHS) of the ion. This introduces a strong ion-ion
interaction and prevents ions from piling up on top of
each other in regions of the channel that have a large
fixed wall charge. Results will be shown only for the case

where RHS is equal to twice the ion radius, corresponding
to the distance of closest approach when two ions are

touching each other. The results did not have a strong
dependence on this radius, and, for example, increasing
this radius by a factor of two did not change the
qualitative behavior. In the narrow region of the channel
(Fig. 1) the ions cannot pass each other and it was

assumed that the one-ion region was equal to the total
channel volume within an axial distance of +RHS. In the
wider regions of the channel it was assumed that the
one-ion region was a sphere of radius RHS. See Appendix
for more details.

Numerical solution
The general solution for this model has been described
in the previous paper (Levitt, 1990) and some additional
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details are listed in the Appendix. The solution was
found at 228 equal intervals along the x-axis (each
interval corresponds to 0.33 A). The solution is obtained
iteratively and the criteria for stopping the iteration was
that the estimated value of the flux for the next iteration
differed from the previous estimate by <iO-'. This
usually required 20 iterations and took 1 min on an
IBM type 25 mHz microcomputer. The program was
written in Pascal and is available upon request.

[Monovalent] (mM)

RESULTS

Monovalent cation conductance
versus concentration
Fig. 3 shows the concentration dependence of the
conductance at an applied voltage of -100 mV (inside
negative) for a channel with a fixed charge ofN2 = -2 at
the wide end and a fixed charge at the narrow (intracel-
lular) end (N,) varying from 0 to -2.5 with symmetrical
monovalent solutions. Except for the case where N1 = 0,

the conductance is due almost entirely to the flux of the
cation, with the anion flux varying from 10-' of the total
flux forN, = - 1 to 10- ' for N, = - 2.5. When N, = 0, the
cation selectivity results from the charge at the wide end
and there is a much weaker charge discrimination, with
an anion flux that is - 10% of the total flux. Fig. 4 shows
a similar set of curves for a fixed charge at the narrow
end of -2 and the fixed charge at the wide end varying
from Oto -2.

Increasing the fixed negative charge at the wide pore
end increases the conductance, which is expected be-
cause the negative charge should increase the cation
concentration at the pore mouth. In contrast, the conduc-
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FIGURE 3 Monovalent ion conductance as a function of concentra-
tion for symmetric solutions of pure monovalent cation and anion at an
applied voltage of -100 mV (inside negative). The channel has a fixed
charge (N2) at the wide end of -2 and a fixed charge at the narrow end
(N1) varying from 0 to -2.5, with the rest of the parameters given in
Fig. 1.

FIGURE 4 Same as Fig. 3 except that N, is fixed at -2 and N2 varies
from 0 to -2.

tance at high concentrations has a complicated depen-
dence on the fixed charge at the narrow end: increasing
when the charge is raised from 0 to -1, then decreasing
as the charge is increased to -1.5 to -2 and then
increasing again as the charge is raised to -2.5. This
complicated behavior can be explained qualitatively by
the following three competing effects. (a) At low values
of the fixed charge (<-1), increasing the charge in-
creases the concentration in the fixed charge region,
which increases the conductance. (b) Increasing the
charge above one leads to only a small increase in
concentration (because the hard sphere repulsive poten-
tial allows at most one ion in this region) but to a large
increase in the energy well, decreasing the conductance.
(c) As the charge increases above two, the screening of
the charge by the one monovalent cation at the charged
site becomes relatively smaller, and the other cations
attracted to this position displace the bound ion, increas-
ing the conductance.

Current versus voltage
Fig. 5 shows the I-V curve for a fixed charge at the wide
end of -2 and a fixed charge at the narrow end of -1 or
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FIGURE 5 Current (I) versus voltage (V) curve for symmetrical
monovalent 150-mM solutions. The fixed charge at the wide end (N2) is
-2 and the fixed charge at the narrow end is -1 ( ) or -2 (---).
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-2 (in symmetrical 150 mM monovalent). The curve for
N1 = -2 is relatively linear, typical of what is seen for
many biological channels. For N, = -1, there is a larger
asymmetry, with the conductance for inward currents
significantly larger than for outward currents.

Interaction between monovalent and
divalent cations
The inset in Figs. 6 and 7 shows the decrease in
conductance (at an applied voltage of -100 mV, inside
negative) when divalent cations are added to the exter-
nal solution with 150mM monovalent on both sides. The
magnitude of the divalent block of conductance has a

very strong dependence on the fixed charge (N1) at the
narrow channel end. When N, = -1.3, there is a 50%
block when the divalent concentration is 16 mM (Fig.
6). When N1 = -2.3, only 0.35 mM divalent will produce
a 50% block (Fig. 7). Figs. 6 and 7 also show the I-V
curves in the presence of external divalent cations. As
expected, at high positive voltages (outward currents)
the block is relieved. The flux of the divalent is much less
than that of the monovalent. For N1 = -1.3 and a

divalent concentration of 16 mM, the divalent flux is
2.4% of the total flux. For N1 = -2.3 and a divalent
concentration of 0.4 mM, the divalent flux is 0.03% of
the total flux.

Influence of pore geometry
Table 1 and 2, show the effects of varying two different
aspects of the pore geometry. In Table 1, the electro-
static radius of the narrow region (Fig. 1, R,) was varied,
with N1 = -1.5, N2 = -2, and all other variables fixed at

8

FIGURE 6 Current voltage relation for solution of 150 mM monova-
lent on both sides, with (--- -) or without ( ) the addition of 10 mM
divalent on outside for N, = -1.3 and N2 = -2. The inset shows the
conductance at varying concentrations or external divalent at an
applied voltage of -100 mV. Addition of divalent produces a slight
shift in the reversal potential that cannot be seen at the scale of this
figure.

FIGURE 7 Same as Fig. 6 but with N, = -2.3 and N2 = -2.

the conditions listed in Fig. 1. Decreasing this radius
from 4 to 2.67 A, decreased the conductance by > four-
fold. Increasing the radius from 4 to 6 A increased the
conductance by 60%, whereas a further increase to 8
A leads to a slight decrease in conductance. This
bimodal result is presumably due to a competition
between the same three effects that were observed when
the fixed charge was varied (see above). Decreasing the
electrostatic radius, results in an increase in the electro-
static potential because the field lines are constrained to
a smaller cross-sectional area. However, this increase
differs qualitatively from that produced by simply increas-
ing the fixed charge. For example, consider the case
where the fixed charge is -1 and the potential is
increased by reducing the electrostatic radius. The
presence of one monovalent cation at the charged site
will completely screen the fixed charge, for any electro-
static radius. In contrast, if the potential is increased by
increasing the fixed charge, the presence of one ion at
the charged site will only partially screen the fixed
charge.

Table 2 shows the influence of the length of the
narrow region G2 (Fig. 1) on the conductance. Increas-
ing this length, increases the diffusional resistance in this
region and increases the effective electrostatic potential.
Both of these effects lead to the 50% decrease in
conductance when the length is increased from 4 to 8 A.

TABLE 1 Conductance (pS) as a function of the radius
(angstroms) of the electrostatic channel

Radius Conductance

2.67 14.6
4.0 68.2
6.0 106.2
8.0 81.6
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TABLE 2 Conductance (pS) as a function of length
(angatroms) of narrow electrostaic region

Length Conductance

0.0 84.2
2.0 81.6
4.0 68.2
6.0 51.5
8.0 39.3

Equivalent free energy profile
The final expression for the flux of ion i (j1) can be
written in a very simple form (see Levitt, 1990; Eq. 7):

j = (c1lez 'y1 - c02eziY/ )/hj(o)

eziyui e2hi (x) Jg(a) da g(a)= ad ly= TW (1)
where ui(x) is the total potential acting on the ion at x,

including the diffuse and hard sphere ion-ion interac-
tions along with the ion-wall potential. The term a1(x) is
the cross-sectional area available to the ion, d1(x) is the
diffusion coefficient, c,i and c2i are the bulk concentra-
tions on the two sides, and y is a constant. Eq. 1 is
identical in form to the classical Nernst-Planck equa-
tion. The major modification introduced here is that the
potential function u includes ion-ion interaction terms
and, therefore, is concentration dependent. The denom-
inator (h(oo)) in Eq. 1 is equivalent to the total resistance
of the channel for ion i. Accordingly, g(x) can be thought
of as the contribution of the local resistance at x to the
total (series) resistance.
The function (g) is plotted in Fig. 8 for an applied

voltage of -100 mV, N2 = -2, and N1 = -1.5 and
symmetrical solutions of either 150 or 300-mM monova-

~ PO
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~ ~
,~

-32 -16 C
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lent ions. Large values ofg correspond to the regions of
the channel that limit the ion conductance. It can be
seen from Fig. 2 that both the diffusion coefficient (Di)
and the cross-sectional area (Ai) are greatly reduced in
the narrow region of the channel and this produces the
two sharp peaks in g(x) at the two ends of this narrow

region. The large decrease in g nearX = 0 results from
the large negative value of u close to the fixed negative
charge. The functiong(x) summarizes all the factors that
influence ion movement and can be thought of as an

equivalent energy barrier profile, such as is used in
reaction-rate theory. In these terms, the g profile in Fig.
8 corresponds to the classical two barrier, one-site
model. However, this general model differs fundamen-
tally from the simple reaction-rate model because the
shape of g(x) (i.e., the energy profile) is not fixed, but
changes as the concentration is changed as a result of
the ion-ion interaction.

Also shown in Fig. 8 is a plot of PO(X), the probability
that there are no ions in the "one-ion region" centered
about X. As expected, the minimum value of P) is found
near the inner charged site (X = 0), reaching a value of
0.1, indicating that this region is occupied by an ion 90%
of the time. As the fixed charge is increased, PO(0)
decreases, reaching a value of i0-' when N1 is -2.5.

The total potential energy can be written as (Levitt,
1990):

1

ezilui = ezYwi.
PO

(2)

The hard sphere repulsive potential factor corresponds
to the 1/Pt term and w, is the sum of all the other
potential contributions. Thus, the small value ofP. at the
ion charged site (X = 0) is associated with a large
repulsive potential resulting from the ion-ion hard
sphere repulsive potential. Despite this repulsive poten-
tial, the attractive potential from the fixed charge is so

large that it dominates the total potential, producing the
small value ofg nearX = 0.
The results in Fig. 8 indicate that the rate limiting

locations for these relatively high concentrations are at
the entrance and exit to the narrow charged site region.
This is expected because at these high concentrations,
the main resistance will be in the narrow region because
of the reduced area and diffusion coefficient and be-
cause the hard sphere potential limits the number of
ions that are allowed in this region.

Saturation
In the simple Nernst-Planck model, the conductance is
directly proportional to the concentration, whereas ex-

perimentally, the conductance tends to saturate at high
concentrations. One would hope that this more general
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FIGURE 8 Profile of the general total channel resistance (g) in
arbitrary units for pure symmetrical monovalent solutions of 150 or
300 mM. Also, profile of PO(X) (probability that no ion is in "one-ion
region" -X). Applied voltage = -100 mV, N2 = -2, N1 = -1.5.
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model could mimic this experimentally observed satura-
tion. However, although the conductance versus concen-
tration curves tend to level off (Figs. 3 and 4) they do not
actually saturate and level off at some maximum value.
As discussed previously (Levitt, 1990), one would expect
saturation to occur when the "one-ion region" at the ion
binding site (X = 0) becomes rate limiting. As seen in
Fig. 8, this region is not rate limiting (because g is small)
and thus the lack of saturation is not surprising. In an

attempt to find saturation, the model was solved for the
case where the diffusion coefficient was made very small
(reduced by a factor of 1/20) in a narrow region (±+ 2 A)
around X = 0. Fig. 9 compares the profile of g with and
without the addition of this modification. It can be seen
that there is now an additional peak in g at X = 0,
indiating that this region is now, at least, partially, rate
limiting. Fig. 10 shows the corresponding conductance
versus concentration curve. As predicted, there is now
significantly greater saturation of the conductance.

This localized small diffusion coefficient can be thought
of as mimicking the "binding" of an ion at a specific site.
The above analysis suggests that those channels which
show strong saturation should have this type of "binding"
site.

COMPARISON WITH THE ACH
RECEPTOR CHANNEL

The model calculations will be compared with two sets
of experimental results: the investigation of Imoto et al.
(1988) on Torpedo channel modified by site directed
mutagenesis; and the studies of Dani and Eisenman
(1987) on the rat myotube channel. Imoto et al. (1988)
determined the I-V behavior in symmetrical 100 mM
KCl and with the addition of 0.5 mM MgCl2 to either
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FIGURE 10 Conductance versus symmetrical monovalent concentra-
tion with (-) or without (--- -) the diffusion coefficient reduced by a
factor of 1/20 in a region of ±2A aboutX = 0. Applied voltage = -100
mV.

side of the membrane. Dani and Eisenman (1987)
measured I-V and conductance versus concentration
curves for a variety of mixtures of monovalent and
divalent ions.

Interaction between monovalent and
divalent ions
If, as is assumed in the model, the interaction between
the fixed charged site and the ion is purely electrostatic,
then the only property of the ion that will influence its
conductivity is its charge (assuming all ions have the
same radius). Thus, one would expect that taking the
ratio of the mono/divalent ion conductance should
provide a direct probe of this electrostatic potential,
with other factors in the model, such as the diffusion
coefficient or physical pore area, canceling out of the
ratio. One would like to be able to measure this ratio at
ion concentrations where the charged site has the same

fractional occupation by mono or divalent ions. How-
ever, because the divalent ions saturate the site at
millimolar or lower concentrations where the conduc-
tance is too low to be measured, this is not experimen-
tally practicable. An alternative approach that should
provide information similar to that of the conductance
ratio but that is experimentally feasible is to measure the
fractional block of the monovalent conductance by the
addition of divalents.
The rat and Torpedo ACH channels differ qualita-

tively in their interaction with divalents. For the Torpedo
channel, the conductance in symmetrical 100mM KCl is
reduced by half by the addition of only 0.5 mM Mg",
whereas in the rat, 1 mM Mg++ produces only a very
small block (Dani and Eisenman, 1987), and 10 mM is
required for a 50% block of the conductance in 150 mM

Biophysical Journal Volume 59 February 1991

FIGURE 9 Profile of the general total resistance in symmetrical 150
mM monovalent with (-) or without (--- -) the diffusion coefficient
reduced by a factor of 1/20 in a region of ±2 A aboutX = 0. Applied
voltage = -100 mV.
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KCl (Decker and Dani, 1989). In the model calculations,
the fractional block by divalents is very sensitive to the
fixed charge in the narrow region (NJ). For example, in
symmetrical 150mM monovalent, when the fixed charge
is increased from -1.3 (Fig. 6) to -2.3 (Fig. 7), the
divalent concentration required for a 50% block falls
from 16 to 0.35 mM. Extrapolating these model results
to the ACH channel suggests that the Torpedo channel
should have about one more negative charge than the rat
channel at the narrow end. Consistent with this predic-
tion, the Torpedo channel has one more negative charge
at the inner end of the M2 segment, the putative ion
binding site. (The gamma subunit of the mouse muscle
(BC3H1) channel sequence (Patrick et al., 1987) has a
positive lysine in place of the neutral glutamine in the
Torpedo sequence (Imoto et al., 1988)).
The mutagenesis results of Imoto et al. (1988) are in

qualitative, but not quantitative, agreement with the
model predictions. For example, the model would pre-
dict that raising the net charge at the inner ring by + 1 or
+2 should make the block by 0.5 mM Mg++ so small that
it could not be detected experimentally ( - 3% or less).
Imoto et al. (1988) find that, although the Mg++ block is
reduced, it is still significant ( > 10%).

Monovalent ion conductance
As long as N1 is -1 or more negative, the absolute value
of the model conductance is in the same range (50-70 pS
at 100 mM; Figs. 3 and 4) as the experimental conduc-
tance. This agreement is evidence that the model is, at
least, consistent with the experimental data. The strength
of this evidence is somewhat weakened by the fact that,
although the parameters were chosen to be consistent
with the known properties of the channel (shape and
size dependence of ion conductance), they were also
adjusted to give the desired absolute conductance val-
ues.

The model conductance increases monotonically as
the net negative charge at the wide end of the channel is
increased (Fig. 4). This charge dependence is in good
quantitative agreement with the mutagenesis results of
Imoto et al. (1988). In contrast, increasing the net
negative charge at the narrow and (Fig. 3) can result in
either an increase or decrease in model conductance.
This does not agree with the observation of Imoto et al.
(1988) of a large monotonic increase in conductance
with increasing charge.

Current-voltage relationship
The model I-V curves are qualitatively similar to the
experimental results for mouse and Torpedo, being

relatively linear and having a larger conductance for
currents in the inward direction. The curve at a fixed
charge (N,) of -1 is more asymmetrical than the
experimental result whereas the curve for N1 = -2 is
quite close to the experimental result. The model I-V
curves with divalent added to the external solution are
also similar to the experimental results, with the block
being relieved at large positive potentials.

Conductance versus concentration
The experimental results on the rat channel are qualita-
tively similar to the model results, with a relatively high
conductance at low concentrations resulting from the
negative fixed charges and a tendency to level off and
saturate at high concentrations. As noted above, the
model curves do not actually saturate because the
conductance increases steadily by 20% for a doubling
of the concentration over the concentration range of
150-6W0 mM. This model result agrees quantitatively
with the experimental data for Na+ (Dani and Eisen-
man, 1987). In contrast, their experimental data for Cs'
are more suggestive of a true saturation, and, therefore,
cannot be fit by the standard model. As discussed above,
to get this type of saturation in the model it is necessary
to modify the model by using a very small diffusion
coefficient in a localized region at the charged site,
mimicking specific ion "binding".

Comparison with NMDA channel
The N-methyl-D-aspartate (NMDA) channel is thought
to be structurally similar to the ACH channel and has
similar monovalent ion conductance. However, there is
one property of the NMDA channel that differs dramat-
ically from that of ACH. In the ACH channel, Ca++ and
Mg++ have similar conductances. In contrast, theNMDA
channel has a relatively high Ca++ conductance, whereas
Mg++ is a very potent voltage dependent channel blocker
(Ascher and Nowak, 1988). The model presented here
can be used to address the question of how the ACH
channel would have to be modified to explain this
different behavior. The simplest possibility would be if
there was a small change at the narrow fixed charge site
which prevented the more tightly hydrated Mg++ from
passing through the channel (e.g., a slight decrease in
diameter), with all other properties of the channel (fixed
charges, etc.) remaining unchanged.

This blocking condition can be easily incorporated
into the model solution by setting the Mg++ flux equal to
zero with the Mg++ ions that are on the left (right) side
of the binding site in equilibrium with the left (right)
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FIGURE 11 Conductance versus divalent cation conductance for chan-
nel conditions that are identical to those in Fig. 6 except that the
divalent cannot get past the narrow binding site region. These
conditions may mimic those of the NMDA channel.

bulk solution. The conductance versus Mg++ concentra-
tion is shown in Fig. 11 for this "divalent blocked"
condition for a channel that is otherwise identical to that
used in Fig. 6 (applied voltage of 100 mV, inside
negative; N1 = -1.3; 150 mM symmetrical monovalent).
For the ACH channel, addition of the divalent ion
produced a slight decrease in conductance, reducing the
flux by half at a concentration of 15 mM. In contrast,
imposing the condition that the divalent cannot get past
the binding site (while using an identical channel model),
lowered the half maximal blocking concentration to 37

ptM. This blocking affinity is close to that observed
experimentally for the NMDA channel (72 ,uM at -60
mV). This result demonstrates that only a very small
modification of the ACH channel is required to convert
it to a channel with properties characteristic of the
NMDA channel.
The case where the divalent cannot get past the

binding site (NMDA channel) is exactly equivalent to
assuming that the divalent ion on either side of the
binding site is at equilibrium. I was surprised that the
divalent channel block was so effectively relieved simply
by relaxing this "equilibrium" assumption and allowing
the divalent ion to pass through the site (without any
other change in the model).

I find this prediction of the model particularly convinc-
ing, because it was looked for as an afterthought, after
all the parameters had been chosen for the ACH
channel. It illustrates what I believe should be the main
application of this model, which is to investigate qualita-
tive channel features. There are so many adjustable (and
unknown) parameters in the model that it is probably
not useful to try and fit the detailed quantitative features
of the channel kinetics.

CONCLUSIONS

The model of the channel presented here requires only
two sets of information about the channel, its geometric
shape and the location and magnitude of the fixed
charges. (Other features of the model, such as the
electrostatic cross-sectional area or the diffusion coeffi-
cient in the channel can be estimated given the channel
geometry.) The flux of all the ions that are present can
then be directly determined from these channel proper-
ties without any additional assumptions. This is a major
advantage of the model because this level of information
is at (or beyond) the limit of what can be inferred about
the actual channel at the present time.
The channel parameters used in these calculations

were only roughly adjusted in an attempt to fit the main
qualitative features of the ACH channel, and no attempt
was made to fine tune them to optimize the fit. The
model calculations are in qualitative, and in some cases,
quantitative agreement with most of the experi-
mental data that is available for the ACH channel. The
model has the correct absolute conductance and I-V
curve. The low affinity Mg++ block of the rat muscle
ACH channel and the high-affinity block of the Torpedo
ACH channel can be fit by a fixed charge at the narrow
end of -1.3 (rat) or -2.3 (Torpedo) and this charge
difference is consistent with the differences in the
amino acid sequence of the two species. The conduc-
tance versus concentration curve of the model is similar
to the experimental results for Na+, but the model
cannot fit the experimental data for Cs'. The model
must be modified by the addition of a "specific bind-
ing" at the fixed charge site to fit the experimental Cs'
data.
One would expect that the site-directed mutagenesis

experiments of Imoto et al. (1988) in which the charges
at the two ends of the channel are systematically varied
should provide the strictest test of the model. The model
calculations are quantitatively consistent with the exper-
imental variations of charge at the wide end of the
channel. However, the model predictions of the varia-
tion in monovalent conductance or divalent block with
alterations in charge at the narrow end differ signifi-
cantly from the experimental results. This may indicate a
limitation of the model. Alternatively, it may suggest
that experimental variations in charge at the narrow end
are also associated with some additional structural
changes in the channel. This would not be surprising
considering the large electrostatic forces that should be
associated with these charges.
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APPENDIX

Electrostatic and physical
cross-sectional area
The following dimensionless parameters are used: x, 1, r2, tl, t2,g9, andg2
are equal to X, L, R2, T1, T2, G1, and G2 divided (normalized) by R, (see
Fig. 1 for a definition of these parameters). The dimensionless
electrostatic area is defined by a, = A,/(2'rrR2). To simplify the
equations, the expression for the electrostatic area is modified slightly
from previous derivations (Levitt, 1985, 1987). At each x, a, is defined
in terms of an effective hemispherical surface:

a =x 1 < x

= 1 -1-g2x< 1

=y /-r2 <X < -1 -g2

=(X + )2 x < -/- r2

(1 - r2)x +/- r2g2
Y

(/- r2-1 -g2)
(1A)

The solid lines in Fig. 12 show this area.

The physical cross-sectional area for the ith ion (a*) is the area

available to the center of the ion. The large dashed lines in Fig. 12
represent the physical surface of the channel. The center of the ion can
then approach to within one ion radius of this surface, indicated by the
short dashed lines. The corresponding area is described by:

ai = (x - gi)(x - g - 1)tl + gl < X

= O.5[(tQ- 3)2 + (X- g)2(1- [2/t2)] -gl < X < t1 + g1

= O.5(t - o)2 -g2 < X < gl

=O.5(z- P)2 -/<x<-g2

= 0.5[t2 -Bp)2 + (X +/)2(1-_ p2/t2)]
= (x +/)(x +/+ ) x <-/-t2

Z =(X +g2)92) + ti.

Electrostatic potential
The derivation has been described previously (Levitt, 1985, 1987). The
central function is E(x, x0), the E field at x from a charge ne at x0. It is
used to determine both the ion-wall and ion-ion interaction potential.

{(x, x0) = E,R 'Ele = n[ot(xo) 1]/a,(x)

a(x.) = [1 - 2I(xo)/I(-oo)]

1(xo) = I(xo) + 2(-/-r2) + 3(-1 -g2)

+ I4(1) xo < -/- r2

= 2(Xo) + 3(-1 -g2)

+ 4(1) -/- r2 < xo < -1-g2

= I3(XO) + I4(1) -1-g2 <X. < 1

= I4(X.) 1 <x.

Il(X) = /r2 + 1I(x +1)

2(X)

(1 +g2-/-g2)(1 +g2 +X)
I2( = (1 r2)x +/- r2g2

I3(X) = 1-X I4(x) = l/x. (3A)

The + or - in the definition ofE corresponds tox greater than or less
than x0, respectively.
The Born image potential energy UB for an ion of charge ne at x is

described by (see Levitt, 1987):

UB(x) = e.R UBIe'
= 0.5n2[(a(x) + 1)I(x) - 21y(x)] -_ < x < 0

= UB(-/)f (x)f (-/) x < -,

= UB(O)f(xlf (0) 0 < x

f(x) = [a(x) + 1]I(x)

y = electrostatic radius at x. (4A)

The expressions forx < - /andx > 0 are empirical extrapolations.
(2A) The applied voltage profile V(x) is described by:

v = e,RVIe = V2 + (vI - v2)I(x)II(-oo). (5A)

where v, and v2 are the dimensionless voltages on the two sides of the
membrane.

Definition of "oneion region"
The "one-ion region" at x. is the region about x. in which there can be
at most one ion. For x. within or near the narrow region, the one-ion
region is defined as all the ions within the following range ofx.

Ai (X) Ae(X)

FIGURE 12 Scale drawing of channel showing electrostatic area (A,-
-, Eq. 1A) and restricted physical area available to ion of radius B
(Ai, - -- , Eq. 2A) at different axial (X) positions. The long dashed line
shows the physical dimensions of the channel. The region of the
channel accessible to the ion (short dashes) is equal to the physical
radius minus the ion radius.

-g2- 3rHs < x < x. + rHS for -g2 - 3rH, < xo < -g2-2rHs
xo- rHS < x < xO + rHS for -g2-2rHs <xo <gl +rHs

x.- rHS < x < g + 2rHs for gl + rHs < x < g1 + 2rHs.

The concentration of ions in this region is summed exactly. For x.
external to this region, the one-ion region is defined as equal to the
number of ions in a volume equal to a sphere of radius rHs with an

average concentration equal to the concentration at xo.
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Diffusion coefficient in channel
The diffusion coefficient at x in the channel relative to the bulk
diffusion coefficient (D(x)1D0) is assumed to be equal to the continuum
expression for a sphere of radius b (the ion radius) in an infinite
uniform cylinder of radius w(x), the radius of the channel at x (=b/w;
Levitt, 1975):

D(x) 1 - 2.1054A + 2.0805X3 - 1.7068X5 + 0.72603X6
Do 1 -0.75857A5

(6A)
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